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Abstract 
In this paper we give a homology classification of spatial embeddings of a graph by an invariant 
defined by Wu. 
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0. Introduction 
Let G be a finite simple graph. There are eight equivalence relations on the set of 
piecewise linear embeddings of G into the three-dimensional Euclidean space R’. They 
are : 




(5) (link) homotopy, 
(6) weak (link) homotopy, 
(7) homology, 
(8) &-homology. 
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The fundamental relations between these concepts are known in [8] as: 
(2) 
/‘ L 
(1) (4) --f (5) + (6) + PI + (8). 
\ i‘ 
(3) 
Recently links are classified up to link homotopy in [ 11. But very little is known about 
the general theory of embeddings of graphs into R3. 
In this paper we give a homology classification of embeddings of G into R’ by an 
invariant defined by Wu in [9]. We also give an explicit calculation of Wu’s invariant 
from any regular diagram of the embedding. 
For a topological space X let C*(X) be the configuration space of ordered two points 
on X. Let g be an involution on C+(X) that is the exchange of the order of two points, 
i.e., ~(2, y) = (y, z). Let f : G + R’ be an embedding. Let f2 : C2(G) -+ Cz(R”) be a 
map defined by f2(x, y) = (f(x), f(y)). Then f 2 induces a homomorphism 
(f2)#:H2(C2(R3),aj + H2(C2(G),4 
where H2(C2(X), a) denotes the skew-symmetric second cohomology of the pair 
(Cz(X),g). We will observe that H2(C2(R”), ) CT 1s an infinite cyclic group. Let r be a 
fixed generator of H2(C2(R3),,). Then Wu defined an invariant of f by (f2)#(r). We 
will denote this element of H2(C2(G), 0) by L(f). 
Two piecewise linear embeddings f, g : G + R’ are homologous if there is a two- 
dimensional complex _4 and a piecewise linear embedding Sp: A + R’ x (0, l] which 
satisfy the following three conditions. 
(1) A is a connected sum of G x [0, l] and a finite number of closed connected 
orientable surfaces. More precisely, each surface is connect-summed to some open disk 
int e x (0,l) where e is an edge of G. 
(2) There is a real number E > 0 such that if we consider G x ([0, E] U [ 1 - E, 11) 
as a natural subspace of A, then @5(x, t) = (f(~),t) for any z E G, 0 < t < E and 
@(z, t) = (g(x), t) for any z E G, 1 - E < t < 1. 
(3) @ is locallyflat. That is, each point of the image of @ has a neighbourhood N such 
that the pair (N, N fl @(A)) is h omeomorphic to either the standard disk pair (D4, D”) 
or (D’ x [0, 11, X, x [0, I]) f or some nonnegative integer n where the pair (D’, X,) is 
shown in Fig. 1. 
Main Theorem. Two piecewise linear embeddings f and g of a finite simple graph G 
into R3 are homologous if and only if L(f) = C(g). 
This paper is organized as follows. 
In Section 1, we introduce an invariant of embedding that comes from configuration 
spaces. We review some of the definitions and results that concern Wu’s invariant. 
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Fig. 1. 
Fig. 2. 
In Section 2 we give an explicit presentation of H2(Cz(G), a) and we give a calculation 
of L(f) from a regular diagram off. Then it turns out that L(f) generalizes both linking 
number and an invariant defined by J. Simon. As a consequence, we can re-define L(f) 
in a purely combinatorial way. Then the invariance of 13(f) is re-proved by checking that 
208 K. Tuniyamu / 7iplogy and its Applicutions 65 (1995) 205-228 
L(f) is invariant under (extended) Reidemeister moves I-V (see Fig. 2). It is notable 
that Reidemeister move V corresponds to the skew-symmetric 2-coboundary of CT(G). 
In Section 3, using the description of Section 2, we show that C(f) is actually a 
homology invariant. Conversely we show, under the assumption that H2(C2(G), 0) has 
no 2-torsion, that if C(f) = .C(g) then f is homologous to g. 
In Section 4 we prove that H2(C2 (G), ) t o IS orsion free for any finite simple graph 
G. 
In Section 5 we define Cz(f) as a mod 2 reduction of C(f) and show that &(f) is a 
complete &-homology invariant. 
1. An invariant 




Let 1 < i < j < n and let uij : X” -+ Xn be an involution delined by 
a~j(z~)..., zi )..., “j )...) Z,) = (Z ,,..., Zj )...) Zi )...) 2,). 
We will denote any restriction of aij by crij also. Let Cn(X) be the configuration space 
of ordered n points on X. Namely Cn(X) is a subspace of Xn defined by 
Cn(X) = {(zQ,...,~,) E Xn 1 zi #x3 if i #j} 
Let Y be another topological space and f :X + Y be a continuous map. Then a 
continuous map f” :X” --t Y” is defined by f”(zi,. . . ,x,) = (f(sl), . ,f(xn)). 
We will denote any restriction of f” by f” also. We note that f” is equivariant, i.e., 
gij 0 f” = f” o aij for any 1 6 i < j 6 n. Now suppose that f is injective. Then 
P(Cn(X)) c Cn(Y) th ere ore f we have an equivariant map f” : Cn(X) -+ C,(Y). 
Then the following proposition is of fundamental importance. 
Proposition 1.1. If two embeddings f, g : X + Y are isotopic then two maps 
f”,g” : G(-q + G(Y) are equivariantly homotopic. That is, there is a homotopy 
ht : Cn(X) + Cn(Y), 0 < t < 1, such that ho = f”, hl = gn and ht is equivariantfor 
each t. 
It should be mentioned that even if f and g are homotopic embeddings, f” and g” 
are not necessarily homotopic because only injections lift to configuration spaces. Hence 
the equivariant homotopy class of f” is possibly a nontrivial isotopy invariant of f in 
many cases. We remark here that this invariant formally generalizes the n-component 
link homotopy invariant defined by Koschorke in [3]. 
Now we restrict our attention to the case n = 2. Then ~712 is simply denoted by c. 
We note that C2(X) = X2 - A x where Ax = {(x,x) ] x E X} is the diagonal of X. 
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Now we review some of the definitions and results in [7,9,10] etc. in a slightly modern 
fashion. 
Let W be a subspace of X2 with a(w) = IV. Let 
. . . + Ai+, (W) 3 Ai % Ai-, ---_) ... 
be the singular chain complex of IV over the integers 2. Let A,(W, a) be a subgroup of 
.4(W) defined by Ai(W,o) = {u E Ai 1 g(o) = --a}. Let & be the restriction of 
& to Ai(W, o). It is clear that ai(Ai(W, o)) c Ai- (W, o). Therefore we have a chain 
complex 
. . . -+ A,+,(W, a) 6i+! A,(W, o) si Ai- (W, o) 4 . . . 
which is called the skew-symmetric singular chain complex of the pair (W, u) over 2. 
The homology groups and cohomology groups of this chain complex are denoted by 
H, (W, o) and H*(W, a) respectively and we call them the skew-symmetric homology 
groups of the pair (W, o) and the skew-symmetric cohomology groups of the pair (W, a) 
respectively. 
Throughout this paper G is a finite simple graph. Then G is a finite one-dimensional 
simplicial complex. Thus an edge of G is a l-simplex of G and a vertex of G is a 
O-simplex of G. 
Let f : G + R’ be an embedding. Then f2 : C$(G) --t C2(R3) is equivariant. Therefore 
f2 induces a homomorphism 
(f2)#: H2(C2(R3),o) + H2(C2(G),a). 
This homomorphism (f2)# . IS clearly an isotopy invariant of f. This invariant is first 
defined by Wu in a more general setting [9]. But little study has been done in our 
setting. 
Proposition 1.2 (Wu). Let S2 be the unit 2-sphere in R’ and o: S2 + S2 be the an- 
tipodal map; o(X) = -X. Let y : Cz(R”) + S2 be a map defined by 
X-Y 
Y(XlY) = ,x _ y, 
Then y is an equivariant homotopy equivalence between the pairs (C2(R3), c) and 
(S2, ff). 
Proof. Let 
‘Pt(X,Y)= ( x-i(x+Y),Y-$X+Y) . > 
Then (Pi is an equivariant deformation retraction from C2(R3) onto (X = -Y) - (0,O) 
where (X = -Y) denotes the hyperplane of R’ x R’ defined by the equation X = -Y. 
Let w : R’x R’ + R’ be the projection w(X, Y) = X. Then (X = -Y) isomorphically 
projects onto R3 under w. Since R” -0 equivariantly retracts to S2, we have the result. 0 
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Proposition 1.3 (Wu). H2(S2, g) is an infinite cyclic group. 
Proof. An equivariant cell decomposition of (S2, 0) is given by the boundary of the 
cube I” c R” defined by 
Then A2(S2, ~7) is generated by three pairs of appropriately oriented parallel rectangles. 
Therefore their duals form a free base of A2(S2, 0) where 
A2(S2, g) = Hom(A2 (S”, u), 2) 
is the skew-symmetric 2-cochain group of the pair (S2, 0). Similarly A1 (S2, ~7) is gen- 
erated by six pairs of appropriately oriented antipodal edges. It follows that the image of 
A’ (S2, a) in A2(S2, g) is precisely the kernel of the homomorphism 2 ~3 2 @ 2 -+ 2 
defined by (at, ~2, ax) + al + u2 + a?. Therefore we have the conclusion. 0 
By Propositions 1.2 and 1.3 we have 
H2(C2(R”),g) = H2(S2,g) 2 2. 
Let r be one of the two generators of the infinite cyclic group 2. Then the homomorphism 
(f*)# is completely determined, up to the choice of the generator, by the element (f2)“(r) 
of H2(C2(G), 0). For the simplicity, we denote the group H2(C2(G), c) by L(G) and 
(f2)#(r) by X0 
Let D*(G) be a subcomplex of the cell complex G x G defined by 
Dz(G) = {CX x fl 1 cy and p are disjoint simplices of G}, 
cf. Fig. 11. Then the following proposition is known in a more general setting ([7,10], 
etc.) and is easy to observe in our setting. 
Proposition 1.4. The pair (C*(G), a) equivariantly retracts to the pair (D*(G), a). 
Thus the description of Wu’s invariant is simplified as follows. For an embedding 
f : G -+ R’, we have an equivariant map y o f * : D*(G) + S2, 
f(z) - f(Y) 
-Y O f2(G y) = If(x) - f(y)1 . 
Then this map induces a homomorphism 
(~of~)#:H~(S*,a) ” (7) + H2(D2(G),a) = L(G) 
which is determined by (y o f2)“(r) = l.(f) E L(G). 
Two embeddings f, g : G + R” are weakly link homotopic if there is a homotopy 
ht : G -_) R3 with ho = f, hi = g such that ht(a) n ht(@ = 8 for any t E [0, l] and 
any pair of disjoint simplices CY and /3 of G. 
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We remark here that this is a topological version of the weak (link) homotopy defined 
in the piecewise linear category in [8]. 
Proposition 1.5. If f ,g : G + R’ are weakly link homotopic embeddings then 
f2, g* : D2(G) + Cz(R”) are equivariantly homotopic. 
Proof. Let ht be a weak link homotopy between f and g. We note that (z:, y) E D*(G) 
if and only if there are disjoint simplices cr and fl of G such that x E cy and y E ,B. 
Therefore if (x, y) E &(G) then ht(z) # ht(y). Thus we have an equivariant homotopy 
(ht)* : h(G) + C2(R3), (h)*(xc, y) = (h(x), h(y)). 0 
Corollary 1.6. C(f) IS a weak link homotopy invariant off. 
Proposition 1.7. For any embedding f : G + R”, there is a piecewise linear embedding 
g : G t R” such that f is weakly link homotopic to g. 
The proof of Proposition 1.7 is completely elementary and we omit it, cf. Lemma 1 
of [4]. 
Thanks to Corollary 1.6 and Proposition 1.7, it is sufficient to consider only piecewise 
linear embeddings. Therefore we work in the piecewise linear category throughout the 
rest of this paper. 
2. Calculation of the invariant 
We first review an explicit presentation of L(G) = H*(&(G), g). 
Let E(G) = {et,... , e,} be the set of edges of G and V(G) = {VI,. . . ,u,} the 
set of vertices of G. We choose a fixed orientation on each edge of G. An orientation 
of a 2-cell ei x ej of D*(G) is given by the ordered pair of orientations of ei and ej 
respectively. 
For a pair of integers (i, j) with 1 < i < j < n and ei n e3 = 8, let I$ be the 
homological sum Eij = ei x ej + ej x ei. Since a(ei x ej) = -ej x ei we have 
o(Eij) = -Eij. Then it is clear that the set { Eij 1 1 < i < j 6 n, ei n ej = 0) forms 
a free base of A~(DT(G), CJ). Let Eij be the dual of Eij, i.e., Eij : A2(D2(G), CT) + 2 
is a homomorphism defined by 
Eij (Ekl) = 
1 if i = k and j = 1, 
0 otherwise. 
Then the set {I@ 1 1 < i < j < n, ei n ej = 8) forms a free base of A*(Dz(G), u). 
An orientation of a l-cell ei x ‘u, or V, x ei of D*(G) is given by that of e,. For a pair 
of integers (i, s) with 1 6 i < n, 1 < s 6 m and ei 3 v,, let Vi, be the homological 
sum Vi, = ei x w, - V, x ei. Then c(Vis) = -Vi, and the set (Vi8 1 1 < i < n, 1 < 
s < m, ei 3 us} forms a free base of Al (Dz(G), a). Let V”” be the dual of Vi,. Then 
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Fig. 3 
the set {Vi8 1 1 < i < 71, 1 < s < m, ei 3 v,} forms a free base of A’(&(G),o). We 
recall that 
L(G) = H2(D2(G), 0) = A2(D2(G), a)/@ (A’ (D2(G), CT)) 
where 
6r : A’ (D;?(G), a) -+ A2(D2(G), a) 
is the coboundary operator given by 6’ (h) = h 0 61. Then it follows that 
@(Vi”) = c &U) _ c &i”) 
I(j)=s T(lc)=s 
where I(j) = s means that the initial vertex of ej is v, and T(k) = s means that the 
terminal vertex of ek is z1,, and 
P(U) = 
{ 
ij if i < j, 
ji if i > j. 
Thus L(G) has a presentation 
L(G) = (E”j (1 < i < j < n, ei n e3 = 0) / 
S’ (Vi”)<1 < i < 72, 1 < s < m, ei 3 vs)). 
Next we give a calculation of l(f). Let X : R’ + R2 be a projection given by 
X(X, y, z) = (z:, y). Let f : G -+ R’ be a piecewise linear embedding such that the 
composition X o f is a regular projection, i.e., X o f has only finitely many multiple point 
each of which is a transversal double point of two (or one) edges. For disjoint edges ei, 
ej with i < j, let aij(f) be an integer that is the sum of the signs at the crossing points 





where the bracketmeans thecosetofA2(D2(G),a)/6’(A’(D2(G),a) andthesummation 
istakenforallpairs(i,j)with1<i<j<nande,ne3=8. 
The proof of Proposition 2.1 is in the same spirit as the fact that the linking number 
equals the map degree of a map from a torus to S2, and calculated from any regular 
diagram by counting the signs of crossing points. See p. 132 of [5]. 
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Fig. 4. 
Proof. Since X o f is a regular projection, it follows that the pair of (North pole, South 
pole) of S2 is a regular value of the map y o f* : D;?(G) -+ S*, 
f(x) - f(Y) 
7 O f2b y) = If(x) - f(y)l. 
We can choose sufficiently fine equivariant cell decompositions of (D*(G), c) and (S*, cr) 
respectively and perturb f if necessary so that y o f* maps each cell onto a cell. Moreover 
we may assume that the pair (North pole, South pole) is contained in the interior of an 
equivariant pair of 2-cells, say (CN, cs) and the preimage of them under y o f 2 is a 
disjoint union of equivariant pairs of 2-cells. As we have observed in Proposition 1.3, 
H2(S2, 0) is generated by the dual of (CN, cs) under appropriate orientations. Therefore 
the result follows. 0 
Remark 2.2. As we have observed above the group L(G) and the invariant 13(f) can be 
re-defined in a purely combinatorial way. Then the invariance (or the well-definedness) 
of l(f) under ambient isotopy follows from the fact that two regular diagrams represent 
ambient isotopic embeddings if and only if they are transformed into each other by a finite 
sequence of Reidemeister moves INV [2,11]. In fact it is clear that Reidemeister moves 
I-IV do not change c a~ (f)@j. Reidemeister move V does change C aij (f)Eij but 
does not change its coset because this change is absorbed by the coboundary relation. 
See also the schematic picture Fig. 4. 
Example 2.3. Let G be a disjoint union of two cycles of length 3, ri and l$, see Fig. 5. 
Then &i(I@) = _EPci s-1) + ,FJP(is) w erel-1=3, h 4-1=6therefore 
L(G) = (E”j 1 __,7+ + Ei+’ j, _,7@ + E” j+l) 
where i = 1,2,3 and j = 4,5,6 and 3 + 1 = 1, 6 + 1 = 4. Therefore we have 
L(G) = (El4 1 ) = 2. 




Then it is clear that C(f) = 2&(f(I’l), f(I’2)) where & denotes the linking number. 
Example 2.4. Let G be the complete graph KS of Fig. 6. 
Then the generators of L(G) are 
El3 El4 El8 ~24 E25 ~29 E35 E310 ~46 _@7 ~61 ~610 El8 E89 E910 
I , , , , , , , 1 , , , , , . 
The relators are 
d’(V’“) = El3 + El*, 61(V24) = E24 + E29, #(V”5) = E35 + @lo, 
b’(V41) = El4 + E46, # (V52) = E25 + E57, 
b’(~‘~) = _E” + Ei4, S’(V~~) = _E24 + E25, #(V”) = _E’5 + ~‘3, 
67~~~) = _Ei4 + Ez4, 6yV”‘) = _E2” + E”“, 
6’(V15) = _E14 _ E’8, 6’ V2’ ( ) = _E25 _ E29, 61~132) = -El3 _ ~310, 
6’(V43) = _~2~ _ E46, b’(V54) = _E35 _ ~57, 
61(1/62) = ~67 _ ~610, 61 ~73 ( ) = E7* - E’j7, 6’ (Vs4) = ,@9 - E78, 
@(V95) = E910 _ E89, 61 (I/101) = E610 _ E910, 
6l(v64) = E46 _ ~67, @‘75) = E57 _ ~78, ,jl(v81) = El8 _ ~89, 
h’(v92) = ~29 _ E910, ~‘(~103) = E310 _ ~610, 
d’(v65) = _,y46 + ~610, #(v’l) = _E57 + ~67, dl(v82) = _,7$8 + ~78, 
K. Tuniyumu / ~fpolo~y und its Applicufions 65 (1995) 205-228 215 
d’(V93) = _,73*9 + E89, 61 (V’04) = _E”O + E9’0, 
Then by a calculation we have L(G) = (E” 1 ) z 2. 
Then it is easy to see that C(f) equals, up to the sign, the invariant defined by Simon. 
See [8] for the definition. It is known that Dz(K5) is homeomorphic to a closed connected 
orientable surface of genus 6 [6]. Then it is also easy to see that L(f) equals the map 
degree of the map y 0 f2 : &(Ks) + S2. 
Example 2.5. Let G be the complete bipartite graph Ks,s. Then we can compute as 
in the previous example that L(G) . IS an infinite cyclic group generated by any pair of 
disjoint edges. Then &(f) equals, up to the sign, Simon’s invariant and also equals to the 
map degree of y o f* : D2(K3,3) + S2 where &(K3,3) is known to be homeomorphic 
to a closed connected orientable surface of genus 4 [6]. 
Remark 2.6. In Example 2.3 we have observed that L(f) = 0 (mod 2) for any embed- 
ding f. Simon proved that his invariant is always odd, i.e., in Example 2.4 and Example 
2.5, C(f) = 1 (mod 2) f or any embedding f. We will generalize these observations in 
Section 5. 
3. Homology classification 
An extended diagram of G is a regular diagram of G’ where G’ is a disjoint union of 
G and some oriented circles each of which has a label i E { 1,2, . . . , n}. 
The (extended) Reidemeister moves VI and VII are defined as illustrated in Fig. 7. 
Proposition 3.1. Let f, g : G + R” be embeddings such that both X o f and X o g 
are regular projections. Then f is homologous to g if and only if their diagrams are 
transformed into each other by a jinite sequence of Reidemeister moves I-VII. 
Proof. Let @ : A -+ R’ x [0, 1] be a homology between f and g. Since R3 x [0, l] is 
4-dimensional, we can deform @ by an ambient isotopy of R’ x [0, l] rel. R’ x (0, 1) 
such that the composition p o @],,.[o,il : 2, x [0, 1] -+ [0, I] is a homeomorphism for each 
vertexvofGwherep:R3x[0,1]+[0,1]’ is a natural projection. We further deform @ 
vl 
Fig. 7. 











so that @ has only finitely many elementary critical points in different levels. Moreover 
we may assume that Q, is “regular” with respect to the projection 
X x idla,il : R’ x [0, I] + R* x [0, 11, X x idla,il(s, Y, z,t) = (2, Y, t). 
Then we may suppose that X x idlo,rl o@(A) n R2 x {t} is an extended diagram of G 
except at finitely many levels t E [0, 11. At an exceptional level t we have a Reidemeister 
move. In particular a maximal or minimal point corresponds to the Reidemeister move 
VI and a saddle point corresponds to the Reidemeister move VII. Thus we have shown 
the “only if” part. By tracing the above argument in the opposite direction we have the 
“if” part. Cl 
Corollary 3.2. Let f, g : G -+ R’ be homologous embeddings. Then C(f) = C(g). 
Proof. It is clear that the definition of aij(f) 1s extended on extended diagrams. Since 
Reidemeister moves VI and VII do not change oij (f), we have the result by Proposition 
3.1. 0 
Lemma 3.3. Suppose that L(G) has no 2-torsion. Let f, g : G -+ R” be embeddings with 
C(f) = C(g). Then f and g are homologous. 
Proof. We choose an arbitrary finite sequence of crossing changes from f to g. At each 
crossing change we leave a local Hopf circle as illustrated in Fig. 8. 
Then we have an extended diagram, denoted by h, of G with the following properties: 
(1) h is obtained from the diagram of f by Reidemeister moves I-VII. 
(2) h is obtained from the diagram of g by adding some local Hopf circles. 
By (1) we have that C(f) = [Caij(f)@‘] = [Caij(h)Ei’]. Since C(f) = 
C(g) = [Ca&Wl we have that x(aij (h) - aij(g))Ei’ lies in the coboundary 
6’(A’(D2(G),a)). We note that ai, - aij(g) comes precisely from the local Hopf 
circles with label i linking ej and the local Hopf circles with label j linking ei. Such 
a local Hopf circle contributes *2 to aij(h) - ~~~(9) according to its linking sign. 
Then we have that aij(h) - czij(g) is divisible by 2. Thus C(uij(h) - uij(g))@ = 
2x i(aij(h) -aij(g))P’. S’ mce L(G) has no 2-torsion C i(uij(h) - uij(g))@ also 
lies in S’(A’(&(G),a)). Therefore there are integers bi, such that c i(aij(h) - 
Uij(g))Ei’ = C bis&‘(V”“). ThUS C(uij(h) - Uzj(g))Ei’ = C 2bis6’(Vi”). 
We will show that h is obtained from the diagram of g by Reidemeister moves I-VII. 
We note that we can create local Hopf circles corresponding to 26’ (I@) by Reidemeister 
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moves I-VII as illustrated in Fig. 9(a). We add local Hopf circles to the diagram of g 
by repeated applications of Fig. 9(a) so that they represent c 2bi,S’ (Vi’). 
Then, for each i,j with ei n ej = 0, we convert the local Hopf circles with label 
i linking e.i and the local Hopf circles with label j linking ei into those of h by the 
218 K. Taniyama / Topolr~gy and its Applications 6.5 (1995) 205-228 
(4 
Fig. 10. 
operations illustrated in Fig. 9(b) and (c). This is possible because they have the same 
total linking sign. 
Then, for each i # j with ei n e3 # 8, we convert the local Hopf circles with label i 
linking ej and the local Hopf circles with label j linking ei to those of h by creations 
and eliminations of them as illustrated in Fig. 9(d). 
Finally, for each i, we create local Hopf circles of h with label i linking ei as illustrated 
in Fig. 9(e). Thus we have that the diagrams of f and g are transformed into each other 
by Reidemeister moves IwVII. Then by Proposition 3.1 we have the conclusion. 0 
In the next section we will prove that L(G) is torsion free for any G. Then by Corollary 
3.2 and Lemma 3.3 we have the main theorem of this paper. 
Example 3.4. Fig. 10(a), (b) and (c) describe the complete list of the homology classes 
of spatial embeddings of the disjoint union of two cycles of length 3, KS and K~J 
respectively where I varies over all integers. 
4. Structure of HI (l&(G), CT) 
The purpose of this section is to show that L(G) is torsion free for any G. By the uni- 
versal coefficient formula of cohomology applied for the skew-symmetric chain complex 
of the pair (&(G), g), we have that 
L(G) = H’(Dz(G),a) z Hom(&(D2(G),a),Z) @Ext(Ht(&(G),g),Z) 
Therefore L(G) is torsion free if and only if Ht (D*(G), g) is torsion free. Therefore we 
will investigate the structure of Ht (&.(G), a) and show that it has no torsion. 
We need some terminology of graphs. For a subset Ve of V(G), let G - VO denote the 
graph whose vertices are V(G) - V 0 and whose edges are the edges of G with both ends 
in V(G) - VO. 
A connected graph G is called l-connected if G - {vt , . . . , wk} is connected for any 
Vl,..., vk E V(G) with k 6 I - 1. 
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A path is a graph that is homeomorphic to the closed interval. A path in a graph G is 
a subgraph of G that is a path. A cycle is a graph that is homeomorphic to the circle. A 
cycle in a graph G is a subgraph of G that is a cycle. Then under an orientation the cycle 
can be regarded as a l-cycle of the first homology of G. We will use this convention 
without explicit mention in this section. 
A graph G is topologically simple if G cannot be a subdivision of any nonsimple 
graph. A graph G is topologically l-connected if G is a subdivision of some l-connected 
graph. 
We will first consider the case of 3-connected graphs and then extend to the general 
case. 
Let J be a subgraph of Ge with V(J) = V(Gu) and E(Ge) = E(J) U {e} where e is 
an edge of Go. Then we say that Gc is obtained from J by an edge addition. Moreover 
if G is obtained from Ge by subdividing the edge e, i.e., by adding some vertices on e, 
then we say that G is obtained from J by a path addition. 
Lemma 4.1. Let G be a 3-connected simple graph which is not a cycle. Then G contains 
a subgraph Jo which is a subdivision of the complete graph K4. And there is an increasing 
sequence Jo c J1 c . . . c 51 = G of subgraphs of G with the following properties. 
(1) Each Ji is topologically simple and topologically 3-connected. 
(2) Each J, is obtained from Ji- 1 by a path addition. 
Proof. The first statement follows by an easy argument and we omit it. Suppose in- 
ductively that there is a sequence Jo c . . . C Jk of subgraphs of G that satisfies the 
conditions (1) and (2). If Jk = G then we have nothing to do. Suppose that Jk # G. It 
is sufficient to show that there is a subgraph Jk+i of G such that Jk+t is topologically 
simple and topologically 3-connected and obtained from Jk by a path addition. 
Case 1. There is a vertex 2) of Jk that has valence 2 in Jk. 
Let P be the longest path of Jk that contains ZI so that each vertex ve E P - aP 
has valence 2 in Jk. Let aP = (~1, ~2). Since G is 3-connected there is a path Pi 
of G such that Pi n aP = 8 and aP1 = {u, US} where ws is a vertex of Jk that is 
not on P. Then, by taking a subpath of PI if necessary, we have a path P2 such that 
Pz n ap = 8, & n Jk = a& = { UJ,Q}, where 214 E P, vg E Jk - P. Let Jk+t = 
Jk U P2. Then it is easy to check that Jk+i is topoiogically simple and topologically 
3-connected. 
Case 2. No vertex of Jk has valence 2 in Jk. 
There is a path P of G with P rl Jk = aP. Let aP = {VI, 02). If vl and v2 are not 
adjacent in Jk, then let Jk+i = Jk UP and we are done. Suppose that there is an edge e 
of Jk with ae = {VI, 7~2). Since G has no multiple edges the path P cannot be an edge. 
We replace e by P and this case reduces to Case 1. I3 
Let 71: G x G -_) G be the projection given by r(z:, y) = x. We will denote 
any restriction of x by 7r also. Then 7r: &(G) -+ G induces a homomorphism 
7r#: Hi(Dz(G)) + Hi(G) where Ht(Dz(G)) and Hi(G) are usual first homology of 
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the spaces Q,(G) and G respectively. Let L : HI (D;?(G), c) + HI (D*(G)) be a natural 
homomorphism. 
Lemma 4.2. Let G be a connected simple graph and u and u nonadjacent vertices of 
G such that G - {u, v} is connected. Let G’ be a graph obtained from G by adding an 
edge e that joins u and v. 
IfG is a path then G’ is a cycle and Hl(Dz(G),a) = Ht(D*(G’),a) = 0. 
lfGisnotapaththenHt(D2(G’),a) “R@Zwhere Ris theimageofHI(D2(G),o) 
in Ht (Dz(G’), o) under the homomorphism induced by the inclusion Dz(G) c Dl(G’). 
Moreover above direct sum decomposition can be chosen so that the generator of the Z 
summand maps under 7~ 0 L : HI (Dz(G’), c -+ Hl(G’) to a cycle of G’ that contains ) 
the edge e. 
Proof. We first consider the case that G is not a path. Let T be a spanning tree of 
G - (u,v}. Let D be an equivariant subcomplex of Dl(G’) defined by D = Dz(G) u 
T x e U e x T. Let P be a shortest path of G from z1 to v. Since G is not a path there 
is a vertex * of G that is not on P. Let D’ be an equivariant subcomplex of D defined 
by D’ = Dz(G) U * x e U e x *. It is clear that D equivariantly retracts to D’. We have 
the following Mayer-Vietoris exact sequence of skew-symmetric homology: 
O=Hl(* x {u,v}U{u,v} x *,o) + H~(D~(G),~)@HI(* xeuex *,o) 
= HI (Dz(G), o) 
---+ Ht(D’,o) ‘p, HO(* x {u,v} u { U,V x *,a) z Ho(* x {u,TJ})” Z@ Z. } 
Then from the definition of the boundary homomorphism ‘p we have that the image of 
cp is isomorphic to an infinite cyclic group. More precisely, the skew-symmetric l-cycle 
* x (P U e) - (P U e) x * maps under cp to * x u - * x v of Ho( * x {u, v}) and generates 
the infinite cyclic group. Therefore we have 
H,(D,a) = H,(D’,o) S H, (Dg(G),o) $ Z. 
Let ee be an edge of G - {u, v} that is not contained in T. Let (~0 be the unique cycle 
that is contained in T U e. Then we can easily check by Mayer-Vietoris argument that 
adding an equivariant pair of 2-cells ea x e U e x eo to D introduces a relation 
(Ye x u - 7J x CYyg = CEO x v - v x aa 
on Ht(D,o). As 
Dz(G’) = D*(G) U (G - {u, v}) x e U e x (G - {u, u}) 
Dz(G’) is obtained from D by attaching these 2-cells. Thus we have the conclusion. 
Next suppose that G is a path. Up to the equivariant homotopy type, it is sufficient 
to consider the case that G is a path with two edges and hence G’ is a cycle of length 
3. It is clear that Ht (D*(G), o) = 0. We can check that Dz(G’) is a cycle of length 6 
hence homeomorphic to the circle and o : Dz(G’) + Dz(G’) preserves the orientation 
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Fig. 11. 
of the circle. Thus there are no nontrivial skew-symmetric l-cycles and we have that 
H, (&(G’), a) = 0. 0 
Proposition 4.3. Let G be a 3-connected simple graph which is not a cycle. Then the 
composition 7~ 0 L : HI (02 (G), a) -+ HI (G) is an isomorphism. 
Proof. We first show that rr++ o L is surjective. Since HI(D~(G), o) is isomorphic to 
HI (Gz(G), c)> ‘t 1 IS enough to show that 7~ o L : HI ((72(G), a) + H,(G) is surjective. 
Let (Y be a cycle of G. Then there is a point z of G that is not on CY. Then the skew- 
symmetric l-cycle a! x x - z x a projects on (Y under 7~ o L. Since H,(G) is generated 
by cycles we have the conclusion. 
Next we show that n# o L is injective. 
First suppose that G = K4. Then Dz(K4) is illustrated in Fig. 11. 
Since D2(K4) equivariantly retracts to a one-dimensional complex, we have that L is 
injective. The kernel of 7~ is generated by four cycles of length 3, CYI = (1,2) (1,4) (1,3), 
cr:! = (2,1)(2,3)(2,4), CYJ = (3,1)(3,4)(3,2) and (~4 = (4,1)(4,2)(4,3). These four 
cycles plus CY{ = (2,1)(3,1)(4, l), o$ = (1,2)(4,2)(3,2) and cy$ = (1,3)(2,3)(4,3) 
forms a free base of HI (Dz(K4)). Then we have a(at) = -cY{, ~~((112) = -ai, a(~~) = 
-ai and o(a4) = cq + (~2 + cq + a4 + ai + ai + CY$. Suppose that z E kerre. Then 
z = U~CY~ + ~2~2 + users + ~40~4 for some integers at, a2, a3 and ~4. Since 
dx) = a4al + a4a2 + a4(Y3 + U4(Y4 + (-al + u4)(y; + (-a2 + ,J~)~; 
+(+a + u4)&, 
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a(z) = --z if and only if at = a2 = a3 = a4 = 0. Namely image L n ker rr# = 0. 
Therefore -/r# o L is injective when G = K4. 
Now we consider the general case. We first remark that the equivariant homotopy type 
of D*(G) is invariant under any subdivision of G. We choose a sequence Jo c . c J1 = 
G of Lemma 4.1. Suppose inductively that rr# 0 L : HI (Dz( Jk), a) + HI (Jk) is injective 
hence an isomorphism. We will show that rr# 0 L : HI (Dz(Jk+l), 0) -+ HI (Jk+l) is also 
injective. Up to the equivariant homotopy type we may suppose that Jk is a 3-connected 
simple graph and Jk+l is obtained from Jk by adding an edge e. Let ae = {u,z)}. 
Since Jk is 3-connected Jk - {u, u} is connected. Then by Lemma 4.2 we have that 
Ht(D~(Jk+t),cr) !Z R@Z where Ris theimageof Rt(Dz(Jk),a) in Ht(Dz(Jk+t),~) 
under the homomorphism induced by the inclusion &(Jk) C Dz(Jk+l). Since 
HI (&+I) %’ Rt (Jk) @ 2 
where Z is generated by a cycle of J;c+t that contains the edge e and R maps onto 
HI (Jk) under 7~ o L : HI (Dz(Jk+l), 0) + ffl (Jk+l ) we have that R is isomorphic 
to Ht(DZ(Jlc),g) ” ffl(J ) k an ?I-# 0 1: Ht(&(Jk+t), rr) + Ht(Jk+t) is an isomor- d 
phism. 0 
Lemma 4.4. Let G1 and G2 be connected simple graphs and u1 and 212 vertices of 
GI and G2 respectively such that both GI - {VI} and G2 - (212) are connected. Let 
G1 x G2 - (VI, ~2) be a subcomplex of Gl x G2 consisting of cells that do not contain 
the O-cell (VI, VI). Then HI (G1 x G2 - ( VI, 212)) ” HI (GI x G2) ” ff1 (G) CD HI (G2). 
Proof. Let N(vt , ~2) be a subcomplex of Gt x G2 induced from the cells of Gt x G2 
that contain (vt , VI). The Mayer-Vietoris exact sequence for Gt x G2 = Gt x G2 - 
(VI, 7~2) U N(vl, ~2) is 
HI (G x (72 - (~1, ~2) n N( ~117~2)) 3 HI (G x G2 - (~1,212)) @ HI (N(v , ~2)) 
3 H,(G~ xG2) ho. 
Since N(vt , ~2) is contractible we have that HI (N(q, ~2)) = 0. 
Suppose that there are nt edges of Gt incident to ut and n2 edges of G2 incident to 
712. Then we have that Gt x G2 - (~1, ~12) n N(vl, ~2) is a subdivision of the complete 
bipartite graph K,, ,n2. Let et and ei be edges of Gt incident to vt and e2 and ei edges 
of G2 incident to 7~2. Then the boundary a( (et U e{ ) x (e2 U ei)) is a cycle in Gt x G2 - 
(2rt, 712) fl N(q) 212). We can see inductively that HI (GI x G:! - (VI, 7~2) n N(vl, VT)) is 
generated by such cycles. Since Gt - {VI} and G2 - (712) are connected there are paths 
Pt~G1-{vt}andP~cG2-{v2} such that Pt U el U e{ and P2 U e2 U ei are cycles 
in Gt and G2 respectively. Then the intersection of (Pt U el U e)l) x (P2 U e2 U ek) and 
Gt x Gz-(VI ,212) is a once-punctured torus whose boundary equals a((et Ue{) x (e2Uei)). 
Therefore a((et U e{) x (e2 U ei)) is null-homologous in Gt x G2 - (~1, ~2). Thus we 
have that (PI is a zero map. Therefore (~2 is an isomorphism. 
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The equality HI (Gr x G2) z Hr(Gt) @ Ht(G2) follows from the facts that the 
fundamental group 
TI (GI x G2) g r,(G) @ “I (G2) 
and HI is the abelianization of rrt. 0 
Lemma 4.5. Let G1 and G2 be connected simple graphs. Let ‘1~1, VI and ~2, v2 be nonad- 
jacent vertices of G1 and G2 respectively. Suppose that G, - (~1, VI} and G:! - (2~2, ~2) 
are connected. Let Gl x G2 - {( ~1, ZQ), (~1,712)) be a subcomplex of Gl x G2 consisting 
of cells that do not contain (~1, ‘1~2) and (VI, 712). Then 
HI (GI x G2 - { (~1, u2), (VI, ~2))) 2 HI (G x G2) ” HI ((71) @ HI (G2) 
The proof of Lemma 4.5 is similar to that of Lemma 4.4 and we omit it. 
Lemma 4.6. Let G = G1 u G2 be a disjoint union of graphs GI and G2. Then 
HI (Dz(G), c) ” HI (D2(G), 0) @ HI (D2(G2), u) @ HI(GI x G2). 
Proof. We note that Dz(G) is the disjoint union of Dz(Gt), Dz(G2) and GI x G2 u 
G2 x G1. Since Hr (Gt x G2 u G:! x Gt , a) E Hr (Gt x G2), the result follows. 0 
Lemma4.7. LetiE {l,...,l}andletG, b e a connected simple graph and vi a vertex 
of Gi such that Gi - {vi} is connected. Let G be a graph obtained from the disjoint 
union GI LI. .U Gt by the identification VI = v2 = . ’ ’ = vl. If HI (Dz(Gi), a) is torsion 
free for each i, then HI (Dg(G), a) is torsion free. 
Proof. We will take an equivariant decomposition of the complex D;?(G) and use Mayer- 
Vietoris argument. Let D be the disjoint union defined by 
D= u Dz(Gi)u u (GixGj-(vi,vj)uGjxGi-(q,vi)). 
l<i<l I<i<j<l 
Then D2(G) is obtained from D by the identifications that come from the identification 
VI = . . . = v~. We will divide this identification into some steps and calculate the 
skew-symmetric first homology in each step. 
By Lemma 4.4 we have 
H,(D,o) = @ Hl(Dz(G),a) CD @ (fWi)@H&)). 
1 <i<l I <i<j<l 
Let Ti be a spanning tree of Gi - {ZQ} for each i. Let D’ be a complex obtained from 
D by the identification 
Ti X Vi U Vi X Ti = Ti X ‘VU~ U Vj X Ti 
where i,j E {l,..., 1}, i # j, Ti x vi U vi x Ti is a subcomplex of Dz(Gi) and 
Ti x VU~ U ZIP x Ti is a subcomplex of G, x Gj - (vi, ~j) U G, x Gi - (uj, pi). Since 
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this identification is achieved, up to the equivariant homotopy type, by adding some 
equivariant l-cells to D, we have, by Mayer-Vietoris argument as in the proof of Lemma 
4.2, that 
H*(D’,a) z H1(D,a) Cl3 zk 
where 2’” is a free abelian group of rank Ic 3 0. 
For each edge e of Gi - {vi} that is not contained in Ti, let (Y, be the unique cycle 
contained in Ti U e. We remark here that such cycles form a free base of Hi (Gi - {vi}). 
Therefore such cycles plus some cycles form a free base of Hi (Gi). If we identify 
e x 2ri u zli x e with e x vj U v.j x e then the element CX, x v~j - wJ x a, of 
H~(G~XG~-(~~,W~)UG~XG,-(~~,~~),~)~HI(G~)$HI(G~) 
is identified with the element (Y, x Vi - Vi x ay, of Ht (&(Gi), 0). Since D*(G) is 
obtained from D’ by such identifications, we have that 
ffl(D;?(G), r) 2 @ HI (Dz(G), a) @ 2” 
l<i<l 
where 2’“’ is a free abelian group of rank Ic’ 3 Ic. 0 
Lemma4.8. LetiE {l,..., 1) and let Gi be a connected simple graph and Ui and vi 
nonadjacent vertices of Gi. Suppose that Gi - {ui, vi} is connected. Let G be a graph 
obtained from the disjoint union G1 L. . ’ . LI Gl by the identifications u1 = u2 = . = ul 
and VI = 1.9 = . . ’ = vl. Let G’, be a graph obtained from Gi by adding an edge ei 
that joins ui and vi. If HI (Dz(G:), a) is torsion free for each i, then Hl(Dz(G), a) is 
torsion free. 
Proof. The proof here is similar to that of the previous lemma. Let D be the disjoint 
union defined by 
U l<lvjGL (Gi X Gj - { (~7 uj), (vi, uj)} U Gj X Gi - { (Uj, N), (vj, Vi)}). 
\ 
Then by Lemma 4.5 
Hl(D,o) 2 @ H@z(Gi),o) @ @ (s(Gi)@Hi(Gj)). 
l<i<l l<i<j<l 
Let Ti be a spanning tree of Gi - {ni, vi}. Let TF be a spanning tree of Gi - {pi) 
that contains Ti. Similarly let T,” be a spanning tree of Gi - {vi} that contains Ti. 
Let D’ be the complex obtained from D by the following identifications. 
TF X Vi U Vi X Ty = T,” X Vj U VU~ X T,” 
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where i, j E { 1,. . , Z}, i # j. Since this identification is achieved by attaching l-cells 
up to equivariant homotopy type, we have that 
II, (0, cr) z HI (II, a) CB 2” 
for some integer k 3 0. 
Let e be an edge of Gi that is not contained in the tree T,” U Ty . Let LY, be the unique 
cycle that is contained in Ti“ U TF U e. 
First suppose that e is incident to Vi. Then the identification 
eXUiUZLiXc=eXujUUjxe 
yields the relation 
(Ye X U.j - 2L.j X (Ye = Cl!, X Uj_ - Ui X Lye. 
Similarly suppose that e is incident to Vi. Then the identification 
eXViUWiXc=eXVjUWjxe 
yields the relation 
CY, X Vj - Vj X Lye = CY, X Vi - Vi X (Ye. 




yield the relations 
(Ye X Ui - Ui X (Ye = Cky, X Uj - Uj X Q, 
and 
Cl!, X 7Ji - Vi X Cl, = 05, X Uj - Vj X 05,. 
Since ff, x uj - uj x a, = a, x vj - uj x ale in 
HI (Gi x Gj - { (ui, uj), (vi, uj)} U Gj x Gi - { (uj, ui), (vj, Vi)}, c) 
we have the relation 
CY, X Ui - Ui X (.y, = (Ye X Vi - Vi X ffy,. 
We recall by Lemma 4.2 that this relation is the relation that comes on HI (&(Gi), CT) 
when we add an edge ei to Gi. 
Since &(G) is obtained from D’ by the identifications described above, we have that 
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where Ri is the image of Hi (&(Gi), U) in Hi (Dz(G{), C) under the homomorphism 
induced by the inclusion &.(Gi) C &(Gi). If H1 (Dz(G:), C) is torsion free then Ri 
must be torsion free. This completes the proof. q 
Theorem 4.9. Let G be a finite simple graph. Then HI (Dz(G), CF) is a free abelian 
group. Or equivalently H2(D2(G), c) = L(G) is torsion free. 
Proof. By Lemma 4.6 and Lemma 4.7 it is sufficient to show the theorem for 2-connected 
simple graphs. We will show the theorem for 2-connected simple graphs by an induction 
on the number of vertices of G. 
If G is a 2-connected simple graph with vertices less than four then H1 (Dz(G), a) = 0 
as we have observed in Lemma 4.2. 
Now we assume that if G is a 2-connected simple graph with vertices less than Ic then 
Hi(Dz(G), ) ’ t CT 1s orsion free. Let G be a 2-connected simple graph with k vertices. If 
G is 3-connected then Hl(Dz(G), ) t o 1s orsion free by Proposition 4.3. Suppose that G 
is not 3-connected. Then there are vertices u and v of G such that G - {u, V} is not 
connected. If there is an edge e of G that joins u and v then we add an vertex on e and 
denote the new graph also by G. Then there are connected simple graphs Gi , . . . , Gl and 
nonadjacent vertices ui and vi of Gi with Gi - {uz, vi} connected for each i such that G 
is obtained from the disjoint union of these graphs by the identifications ui = . = IQ 
and vi = . . . = ‘~1. Let G: be a graph obtained from Gi by adding an edge that joins 
Ui and vi. Then it is clear that each GI is a 2-connected simple graph with vertices less 
than k. Therefore HI (02(G), g) is torsion free by Lemma 4.8. 0 
5. &-homology classification 
In the previous section we have observed that L(G) is a free abelian group. In this 
section we first observe which element of L(G) is realized as C(f) for some embedding f. 
Let f, g : G + R3 be embeddings. Like the observation in the proof of Lemma 3.3, 
we can deform them so that they differ only by some Hopf bands, see Fig. 12. 
Fig. 12. 
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Therefore we have that L(f) - C(g) = 2~ for some z E L(G). Conversely, for given 
embedding f and t E L(G), we can construct an embedding g with l(f) - 13(g) = 22 
by adding some Hopf bands to f. Thus we have proved: 
Theorem 5.1. Let f : G + R’ be an embedding. Then for any embedding g : G + R”, 
W) - f(9) = 2 .z or some t E L(G). Conversely for any z E L(G), there is an f 
embedding g : G + R’ such that L(f) - .C(g) = 22. 
As a corollary of Theorem C of [8] we have: 
Corollary 5.2. Let G be a finite simple graph. Then L(G) = 0 if and only if G is a 
planar graph without disjoint cycles. 
Let F be a free abelian group. Let n be an integer and let nF be a subgroup of F 
defined by nF = {nx 1 x E F}. Let $J~ : F + F/nF be the quotient homomorphism. 
For an embedding f : G + R”, we define C2(f) E L(G)/4L(G) by 132(f) = $~d(L(f)). 
Two piecewise linear embeddings f, g : G --+ R” are said to be &-homologous if in the 
definition of “homologous” the assumption of the orientability of surfaces is removed, 
cf. [8]. 
Theorem 5.3. Two piecewise linear embeddings f and g of ajnite simple graph G into 
R’ are &-homologous ifand only if&(f) = Lz(g). 
The proof of Theorem 5.3 follows from a similar argument of the previous sections 
and we omit it, cf. Theorem 4.2 and Lemma 4.3 of [8]. 
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